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F. Quinn has recently proven a Brauer induction theorem for K| of cer-
tain infinite groups [9]. F. T. Farrell points out [3] that the theorem does
not extend to more general coefficient rings. Arguments of Formanek have
lead to such an extension on the level of trace functions, which requires an
Artin exponent [5]. We begin by analyzing the structure of a Noetherian
ring U graded by a virtually polycyclic group I, and with units in all
degrees. For each such U and I" and each finite H < I, denote by U the
subring of U supported on H.

Then we prove surjectivity of the induction map:

THEOREM 1.

@ Go(Uy) > Go(Uy). (1)

Her

The treatment of torsion is based on Farrell and Hsiang’s idea (e.g.,
[3,91) of approximating the K-groups of a crystallographic group ring by
a coefficient system of K-groups on a torus. For instance, in the special case
that U is the group algebra over Q@ of a subgroup of finite index in Z" x S,
acting in the obvious way on R” the K-groups of the ring R}"[G] con-
structed in Section 3 will be sums of the vertex groups of such a coefficient
system. Theorem 1 was announced in [5]. In case U is a group algebra
over Q, (1) follows from [9]. The proof here uses Quillen’s [8] where our
previous formulation, for trace functions, uses an elementary argument
about graded rings.

The immediate consequences of (1) are two extensions of the well-known
work of Brown and Farkas and Snider on zero-divisors [ 1, 2, 7], Rosset’s
conjecture [6], and the Goldie rank conjecture, in the unsolved prime
characteristic case.
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In [4] these arguments will be used to extend the statement of the
Goldie rank conjecture to solvable groups, and to prove the zero-divisor
conjecture for solvable groups.

1. THE FINITE SUBGROUPS OF I”

In the proof we may assume I is virtually abelian, as every polycyclic by
finite I" has a composition series with virtually abelian quotients.

Let us examine the structure of a particular type of virtually abelian
group. Suppose I is virtually abelian and finitely generated. Write

O-M->I->G-1 (2)

exactly where M is a finitely generated ZG-module with no Z-torsion and
G is a finite group. Suppose that

M®,0Q0~Q[S], [S| < o0, (3)

where S is a free G-set. Equation (3) is the same as the condition that there
exists an exact sequence

0-M->Z[S]1-FE-0 )]

for some ZG-module E with finitely many elements.
Then the long exact cohomology sequence of (4) gives an isomorphism

. >0 H\G, E)—5 H¥G, M)—0--..
Say { € H*(G, M) is the class of the extension (4), and suppose
{=dglel

Here we are taking e to be a normalized cocycle.
Say E= {e,, e,, .., e,}. Define a G-action on {1, 2, .., n} by the formula

eqi = *e; + e(g). (5)
The cocycle condition
e(gh) =%e(h) + e(g)

ensures that (5) defines a G-action. Conversely, one can reconstruct I” from
the module extension (4) and this G-action on (the subscripts of) the
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elements of E= {e,, .., e,}. One simply uses (5) to define the cocycle e and
sets

{=dglel

Our first observation is

LemMMA 2. Let Hc G. Then H is the image of a finite subgroup of I if
and only if for some i€ {1, ..,n}

HcG,.

Proof. Now, H is the image of such a finite subgroup if and only if the
class

[resG(—e)] = —resG[e]e H*(H, M)
is equal to 0. This is because
dyresGle] =res§ dg[e] =res§({),
where d,, is the isomorphism in the long exact sequence
-—>HYH,E)-»H¥H, M)~ ---.

To say that [res$(—e)]=0 is the same as saying that for some
ie {1, .., n} there is an e, e E such that

—e(g)=0(e;)(g)
=%, —¢; forall geH.
For this choice of i, this is equivalent to
e,y =%e;+e(g)=e, geH
or

HcG,. |

The first application of formula (11) below will be to explicitly describe a
subgroup K;c I mapping isomorphically to each G;= G. Choose a

BeZ*E, M)
symmetric and normalized such that

[B1e H*(E, M)
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is the class of the extension (4). We then have
Z[S1~Mx*?E,

so (m,e)(m’,e'y=(m+m' +f(e,e'),e+e’), and we may define a
derivation

r: G — Funct(E, M)
by
E(m, €)= (*m +r(g)(e), %e).
r and B are related by
*Ble, e') +r(g)(e+e')=B(%e, %e’) +r(g)(e) + r(g)(e’). (6)

Let us record the rules that describe the cocycle condition on § and the
fact that r is a derivation

B(b,c)—Pla+b,c)+Pla,b+c)—P(a, b)=0

, (7)
r(gh)(e)=*r(h)(e) + r(g)("e).

Recall also that § is normalized and symmetric. For
i, je{l,.,n}, geG, meM
define
s(i, J, 8)= —r(g)le)) + Ple,, e(g) —e,) — B(%e;, e(g) —e)) (8)
dm, i, jy=(m—s(, j,1),e,—e)e MxPE~Z[S]. 9)

Finally, write 8(¢) = « where € is e followed by the inclusion Ec M x ?E, so
[a] ={. One calculates

(g, g')="2e(g’) —e(gg’) +e(g)
=r(g)(e(g")) + B(%e(g'), e(g)) € M. (10)
Some formal consequences (proofs omitted) of (5)-(10) are
s(%%i, "0, g) + &s("i, i, h) = s(®"i, i, gh) + a(g, h) (11)
s, , V) +s(j, k, 1)=s(i, k, 1)+ B(e, —e;, e,—e,) (12)
s(®i, i, g) +5s(1, %, g ") + (g, g7 1) — s(*i, %/, 1)
= —%5(i, j, 1)+ r(g)e;—e,) (13)



BRAUER INDUCTION 5

For each ie {1, .., n} let
K,={(s(%i,i, g), g): Si=i}cMx*G~T.!

Equation (11) shows that this a subgroup, and it clearly maps
isomorphically onto G,.

2. THE GRADING ON M, U

For each (m, g)e Mx*G=1T, let (m, g) also denote a choice of
homogeneous unit of U of degree (m, g). Then

(my, g1)(my, g2)=7((my, g1), (my, g3)) - (m+ ¥'m, +algy, &,), £.182)
(14)

for some unit y((m,, g,), (m,, g,))e U,. For 1 <i, j<nlet e;e M, U be the
i, jth matrix unit.
For each geG, let

n

Y(g)= Y (s(®i, i, 8), &) -epuie M, U. (15)

By (11),for g, g'e G
Y(g)y(g')=n(s &) v(gg)

for

n(g, &)=Y y((s(*%,%%, 8), g), (s(55, 4, 8'), &) €getiyazii)-

i=1

It follows that each y(g) is a unit, and the function
v:G - Aut M (U,,)
defined by
" x)=y(g)-x-¥(g) ! (16)

descends to a homomorphism modulo conjugations by units.
By construction the ¥(g) are linearly independent over M, (U,,), so the
cocycle n and the function v describe a twisted group algebra

M, (Uy);[G]

'In this notation & denotes the cocycle of (G, M) and : G — Aut,(M) describes the
G-module structure on M, in the twisted cartesian product M x? G.
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isomorphic to M,(U). For ue U,, homogeneous of degree m and 1</,
j<n, define

deg(ue;)=d(m, i, j).

THEOREM 3. Writing R=M,(U,,), this rule defines a G-equivariant
Z[S]-grading on R.

Proof. Equation (12) implies that
dm, i, )+ d(w, jk)y=dm+w, i k)
so if te U,, of degree w,
deg(ue;) + deg(te;) = deg(utey).
By (13), (15), and (16),

dcgv(g)(ue'_j) — gdeg(ueij) fOI' ge G. l

3. THE NATURAL ISOMORPHISM

For any sub-G-module J<Z[S] we may form the subring
R,I[G]=R][G]
We may suppose {1,..,r} < {1, .., n} is a system of orbit representatives
for the G-action. For 1 < j<r write
n;= prjeresg,(n)
v;= prjoresg (v)
where pr;: Ry~ Uj — U, is the jth projection. Each
U, Zf [G;]
is embeddable in R,"[ G] under the map sending U, to the jth factor of R,.
Moreover, the map
u-g—u-y(g)
maps
Uol[G]—= Uk,
Letting
y=(1,1,.,1,0,0,..,0)eR,,

r entries
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the isomorphisms above furnish R,7[G]-y and y-R,[G] with the
structure of right and left Uy x --- x Ug-modules, respectively, and the
isomorphisms

RoI[G]1=RoJ[G] -y RoJ[G]
= ROZ[G] y®Ule <o x Ug, yROr')’[G]
and

y-RoIMGY-y=[] UG~ Ugx -+ xUyg

i=1
imply that the functors
(y--) and (Ro1LG] y®UK|>< ~--xUK,_)
induce inverse equivalences of categories
Ry"MG]—mod 2 U, x --- x Ug, —mod.

Write
y=0,., 1 ,0,.,0)eR,.

ith place
Under the identification R7[G]= M, U, we have
yi=e,;.
LEMMA 4. The diagram below commutes up to a natural isomorphism.

(YJ )

Ry1[G1—mod — [] (U, —mod)
(RILG1® a6~ ) =t
RG] —mod

M, U—mod —=—  U-—mod
(e11--)

®;., (UBy,~)

Proof. Let us study the functor

@ U®Ukjyj'_'

j=1

Since for any U-module N, any j,

N=~e, -M,,U-y,@uxjN natural,
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we have
@ U®UK,. Y+ —
j=1
~@ ey, ‘MrU'yj‘®UKj (J’j' -)

j=1

~ @ ey -RIG] 'JG@UKJ.(}’;‘ -)

j=1

~e;, - RI[G] YOy x xUK,(y' -)
~e,, - RY[G] ®R0;'[G](ROZ[G] VY ®uy x - xug V- =)

and the part in parentheses is naturally isomorphic to the identity. [i

4. THE RESOLUTION

For each element se S=Z[S] and each i, je {1,2,..,n}, there is an
element of the form

ue;e M, U
of degree s, such that u is a homogeneous unit of U,,: One writes
s=(m,e)e M x*E,

chooses j such that

e;=e+te,,
and chooses u e U to be a homogeneous unit of degree
s(i, 1)+ m.
Then the definition of d(,, ) shows that
dim, i, j)=s.

DEeFINITION.  An element x of R is primitive if

1. x=ue,; for a homogeneous unit of U,,,
2. deg(x)eS.

DEFINITION. An element x of R is degenerate if 1 holds and deg(x)=0.
Let R™ = Ry¢y be the part of R supported on N[S]<=Z[S].
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THEOREM 5. Let M be an arbitrary R*"[G]-module. Then M has a
resolution by modules of the form

R+3[G] ®ROZ{G]N>

which has length n.

Proof. For j=0 let
C,cR*®uR*"® - @y R " ®y, M
B {j+ I)times
be the U,-submodule generated by the
Xg®x, @ - ®x; . m, meM

satisfying 1-5 below. Here the U -module structures come from restriction
along

Uy M (Up)c M (Uy)=R:

For 1 <i<j, x; is a product of primitives.

X, is either degenerate or a product of primitives,

X; 1 1s degenerate.

XX, ---x; is a product of primitives of distinct degrees if j> 1.

SRl S

xOxl ---xj+1 :)‘EO
Note that R7[G] acts on each C,; by

g %® - ®xj+1m=v(g)x0® ®v(g)xj+l.¢;(g)‘m

Property 4 implies that C, , ; =0.
For 1 </ define

dj: C] - Cj__ i and aj: Cj~1 - Cj
by

J
dj(xc® ®xj+lm)= Z (=D)'x® - ®x,%,, | ® -+ ® X4 m

=0
and

0, xg degenerate
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where xg, x; satisfy
X025 = Xo3

each is a product of primitives, and x§ is chosen of maximal degree such
that

XgX1Xy oo X,

is a product of primitives of distinct degrees. Also define
b:C,»C;
by
bi(xe®@x,® - ®x;,,m)
=xRx® - ®x;x;, M,
and define ¢;=(—1Y*". One then has
db — bd = cbb
ch+bc=ca+ac=0
ab—ba=c(1 —da— ad)

as maps C — C, with the convention a,=b,=d,=0. Since ab is locally
nilpotent, 1 — cab is a unit. Let

H=(1—-cab) 'a

If there were any x e C with x # dHx + Hdx, homogeneous of degree > 1,
then there would be such an x with

(1 —dH — Hd) bax =0.
Since H=a+ cHba,

dHx = dax — cdHbax
=dax — c¢(1 — Hd) bax
=dax — chax + ¢(1 — cab) ™" adbax.
Using this identity, (1 — cab}(1 —dH — Hd)x _simpliﬁes to
((1 —ad—da) — c(ab— ba)) x + ca(cbb —db + bd) ax=0+0=0,

contradicting the choice of x. Therefore no such x exists and dH + Hd=1
in positive degree.
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Therefore C is a resolution of M.
It remains to show that each C; is induced from R,7[G]. This is the
same as showing that the underlying R*-module is induced from R,,

which is obvious because x, ranges freely over an R,-module generating set
of R*. |

COROLLARY 6. Any U-module M has a length n resolution by modules of
the form

D Uy, N,
i=1

Proof. In view of Lemma 4, it suffices to show that any R7[G] module
M has a length » resolution by modules of the form

RILG])® ryri67 —

Note that up to units of Uy, there is a unique homogeneous unit we R
such that

deg(w)= ) seZ[S]

The inclusion R*7[G] < RI[G] can be viewed as the Ore localization at
the multiplicatively closed subset generated by w and the units of R*7[G].
Therefore any such M takes the form

RZ[G] ®R+{([G] M*

for some module M *. Applying Theorem 5 to M* and applying the
functor RY[G]®g+1gy— to the resulting resolution of M ™ yields the
desired resolution of M. |

At this point, note that, for the purpose of proving Theorem 1, the
hypothesis (4) on the ZG-module M can be ignored. Thus, suppose I is
instead an arbitrary finitely generated abelian group. One still has

0O-M->T->G-1

for some finitely generated ZG-module M with no Z-torsion. Now, choose
a finitely generated QG-module N’ such that

M®, QSN =Q[S]

for some finite G-set S. Of course, this can be done since finitely generated
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QG-modules are projective. Also, since — ®, Q commutes with pullbacks,
letting N=N'n Z[S], we have

MeN)®, 2=Q[S].
Letting I act on N via G, we have
0 MPN->NxI-G—1.
Choose a basis T}, ..., T. for N, and replace U with the ring U' =1,
U=ulT,, T, ..,T,, T ],

where the T, commute with U,, and otherwise the group N of monomials
in the 7, and T;! is preserved under conjugation by all units of U.
Moreover, the resulting -action on N is to be taken to be the one agreeing
with the given structure of N as a I-module.

One can now identify U with the subring U< Uy xI". The groups I
and N x I” share the same finite subgroups, and for each such finite sub-
group H, the inclusion of U, in U, followed by the retraction of U’ onto U
in which each T, maps to 1, equals the inclusion of Uy in U.

Now, suppose we have proven Theorem 1 for groups such as Nx[I.
Then we will have

@ GolUnw)= @ Go(Uk) > Go(U),

Hcl Hao NxroIr

and in view of the remarks above, the following lemma will imply that
Theorem 1 holds as well for U.

LEMMA 7. The commutative diagram

Ul
SN
U—=->U

induces a commutative diagram

Go(U")
/N
Go(U) —=— Go(U);

in particular, the map Go(U') — Go(U) is surjective.
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A proof of Lemma 7 is contained in a manuscript by Farkas and
Linnell, currently in preprint form. Put simply, one sets ¢,[X]=
Y (—=1)[Tor! (U, M)], and checks ¢,i, = identity.

Now, we would be done if the Uy-modules N; supplied by Corollary 6
happened to be finitely generated. In general they are not, of course;
however, if one chooses M to be an R*"[G]-module whose underlying
Ry '[G]-module happens to be projective, the construction of Theorem 5
yields a finite projective resolution of M. In particular R,?[G] has finite
Tor dimension over R*"[G]. As R*"[G] is projective over R,"[G] and
Noetherian, after one grades

RTI[G]

by total degree Quillen’s [8] Theorem 7 shows that the inclusion

Roj[G]= RG]

in fact induces an isomorphism on G,. As the inclusion R*[G] < RI[G]
is an Ore localization, it induces a surjective map on G,. Therefore the
composite Ry7[G]< RI[G] induces a surjection. But Lemma 4 implies
that

Go(Ry3[G]) — Go(RI[G])

commutes.
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