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Well-foundedness conditions connected with
left-distributivity

RICHARD LAVER AND JOHN A. MoOODY

ABSTRACT. We state a problem about free left-distributive algebras. If u and w are mem-
bers of such an algebra write u <p w if w = (((uuo)u1)...)un for some ug, - ,un. A
conjecture about left-division in such algebras is given; it entails a normal form and that
for every w the set of left divisors of w is well-ordered under <y,.

Let Aj be the free left-distributive algebra on k-many generators, where k is a
cardinal and the left-distributive law is the law a(bc) = (ab)(ac). The purpose of
this paper is the describe a conjecture connected with left division in A, and some
propositions related to it. This problem is one of a number of well-foundedness
questions about free left-distributive algebras. Here are some basic facts (see [4]
and [8], section 2 for respectively an account and a summary).

Fix a set S of cardinality k£ and let T" be the set of S-terms in the language of
one binary operation. For 79,7 € T, 1 is the result of a forward transformation
on 7y if and only if 7 can be obtained from 7y by replacing a subterm of the form
a(be) by (ab)(ac). Then A, = T/=, where 7 = ¢ iff o can be obtained from 7
by a sequence of forward transformations and/or their inverses. Write [7] for the
equivalence class of 7. Let 79 — 7 mean that 7 is obtainable from 7y by a sequence
of forward transformations. Then Ay, is confluent [1], that is, if 79 = 71 then there’s
a 7 such that 79 — 7 and 4 — 7. For a,b € Ay, write a | b iff for some ¢, ac = b.
Write a <z b if a is an iterated left divisor of b; b = ((aap)a1)...)a, for some
n > 0. Then <y is a partial ordering: transitivity is immediate, and irreflexivity
(a £1 a), first shown in [6] as a corollary to a large cardinal axiom of set theory,
was then shown in [3] without it—see [5] for a shorter proof of irreflexivity. And on
A = A;, <y is a linear ordering (modulo irreflexivity this was shown in different
ways in [3] and [6]). On Ay (k > 1), <g, is not linear, but any linear ordering of S
naturally induces a linear ordering of A4; which extends <y, [2]. Finally, A satisfies
left cancellation. For k = 1 this follows from the linearity of <y and the fact that
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<, is preserved under left translations, and for k > 1 it is derivable from the &k =1
case and confluence.

Example The linear order <y, on A is not a well-order. Let w be any member
of A of the form r(st). Then

w = [((rs)r))(rs)][((rs)r)t]
and we have
((rs)r)(rs) <r w.

The left hand side is of the same form, yielding an infinite descending sequence

under <j,.

Definitions.

(1) For w € A, Dy = {u € Ay, : u | w}.

(2) For {a,b), (¢,d) € A x A, (c,d) is an LD-transformation of {a,b) (and (a, b)
is an LD-inverse of {(c,d)) if and only if for some r and s, b = rs, ¢ = ar, and
d = as (so ab = cd).

(3) A 7 € T is in reduced normal form just in case for every subterm o7y of 7,
Do) N Dy = 0.

In (2), (u,v) may have more than one LD transformation and LD inverse. These
operations are more general than the forward transformations and their inverses at
the term level: for example (ab, (ac)d) is an LD inverse of {(a(bc), (ab)d), but the
term (af)((avy)d) is not obtainable from (a(87))((af)d) by the inverse of a forward
transformation.

Conjecture.
(i) If w,v,7, s € Ay, wv = rs, u # r, then for one of u and r (say, u) there is a
finite iteration of LD-transformations which takes (u, v) to (r, s).
(ii) If (r,s) € Ay x Ay then any sequence (ro, So), ..., (Ti, Si),... with (ro,so) =
(r,s), such that each (r,41,s,+1) an LD-inverse of (r,, s, ), is finite.
(iii) If w € Ay there is a unique term 7 in reduced normal form with [r] = w.

Theorems on the existence of other normal forms have been proved in [6,7] and
in [4].

Proposition 1. (a) Conjecture (i) implies that for each w € Ay, D, is linearly
ordered by <p,.

(b) If Conjectures (i) and (ii) hold then for each w € Ay, D, is well ordered
by <r.

Proof. (a) Irreflexivity and transitivity follow from those properties of Ag. And if
uv = rs = w with u # r, there is by (i) a sequence of LD-transformations taking,
say, (u,v) to (r,s), which would witness u <p, r.



Algebra Universalis February 14, 2002 13:45 1739u F01017 (1739u), pages 65—68 Page 67 Sheet 3 of 4

Vol. 47, 2002 Well-foundedness conditions 67

(b) Suppose there is an infinite sequence uwg >, ug > «-+ >p Uy, >, -+ of mem-
bers of D,,. Writing u,v,, = w, there is by (i) a sequence of LD-inverse operations
which take (uy,, vyn) t0 (Upt1,Unt1), for each n. This infinite iteration of LD-inverses
contradicts (ii). O

We briefly consider some other hypotheses about Ay and their connections with
one another. Some statements are explicitly mentioned because they have a plau-
sibility argument, namely they have been proved to be true in A (see remarks at
the end).

Proposition 2. Suppose the following condition holds:
(%) For all a,b,c € Ak, ifa | b and a | be then a | c.

Then, for any (u,v),(r,s) € A x Ay there is a finite sequence of LD transfor-
mations which takes (u,v) to (r,s) if and only if uv = rs and there is a sequence
u; (0 <14 <n), with uop =u, u; | ui11(@ <n), and u, =7, such that each u; | rs.

Proof. For the right to left direction, write rs = w;t;, w41 = u;q;. Since u; |
Ui+1 and Uj | ui+1t¢+1, U;S; = ti+1 for some Si, by (*) Then <’U,¢+1,t¢+1> =
(u;8i,u;q;) has an LD-inverse (u;, ¢;$;), and ¢;s; = t; by left cancellation. Also by
left cancellataion tg = v and t,, = s. This gives a sequence of LD inverses taking
(r,s) to (u,v). O

Proposition 3. Conjecture (i) implies that the reduced normal form of a w € Ay,
s unique if it exists.

Lemma 1. Assume (i). Then ifu,v,r,s € Ak, wv =rs, and D,ND, = D,NDg =
0, then u=1r and v = s.

Proof. Let w = uv = rs. It suffices by left cancellation to show u = r. Suppose
u # r. Then by (i), for one of w and r, say r, we have that (r,s) is in the range of
an LD-transformation. Thus D, N Dy # @, a contradiction. O

To show uniqueness of reduced normal forms, we show by induction on length 7
(r € T), that if 7 = ¢ and 7, ¢ are in reduced normal form, then 7 = o. We are done
if either [7] or [o] is a generator, so assume T = 7971, ¢ = 0po1. By the normal form,
D[TO] N D[Tl] = D[ao] N D[al] = (). By the lemma then, [7’0] = [0’0] and [7’1] = [0'1].
Since 79,7 have smaller length than 7 and the 7;’s and ¢;’s are in reduced normal
form, 7; = o; holds by induction. Thus 7 = o, proving Proposition 3.

Assuming the conjecture, part (iii) is expressible as follows. For every w € Ay,
let T, be the Ag-labelled tree, with root node labelled by w, such that nodes which
are labelled by generators are terminal, and every node labelled by a nongenerator v
has two immediate successors which are labelled by the elements r and s such that
rs = v and r is the <p-least member of D,. Then for each w, T, is finite.
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A number of the above statements are known in the one-generator case (results
of the first author). Namely, if w € A, then Conjecture (i) is true for w. It follows
that the conclusion of Lemma 1 is true for A, and that the reduced normal form of
a member of A is unique if it exists. Also, () is true for A. Conjectures (ii) and
(iii) are open for A.

A number of theorems about free left distributive algebras have related versions
about the braid groups, and vice-versa (see [3] and [4], also see [8], Section 3 for facts
about braids which are related to the question of well ordering of D,, under <p,).
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